Abstract The nonlinear properties of dust acoustic solitary waves in inhomogeneous dusty plasmas with two-ion temperature are investigated. By using the reductive perturbation theory, a modified variable coefficients Korteweg-de Vries (MKdV) equation is derived. The typical integral form of the Sagdeev potential is examined numerically. The numerical results show that the inhomogeneity, the two-ion temperature have strong influence on the nonlinear properties of dust acoustic solitary waves.
Introduction
The study of dusty plasmas represents one of the most rapidly growing branches of plasma physics. The growing interest in the physics of dusty plasmas has arisen not only from dust being an omnipresent ingredient of our universe, but also from its vital role in understanding collective processes in astrophysical and space environments, such as mode modification, new eigenmodes, coherent structures, etc [1] . Usually the dust grains are of micrometer or sub-micrometer size and their masses are very large. The consideration of charged dust grains in plasmas not only modifies the existing plasma wave spectra, but also introduces a number of new eigenmodes, such as dust-acoustic waves (DAWs), which were reported theoretically first by Rao et al. [2] and verified experimentally by Barkan et al [3] . The linear characteristics of DAWs have by now been well established both theoretically [4] and experimentally [5] . There is also an enormous theoretical literature on the topic of nonlinear DAWs [6−9] . In the absence of dissipation (or if the dissipation is weak at the characteristic dynamical time scales of the system) the balance between nonlinear and dispersion effects can result in the formation of symmetrical solitary waves (a soliton). Shalini Bagchi [10] investigated the effects of obliquity and external magnetic field on the dust acoustic solitary waves in hot magnetized dusty plasmas with Boltzmann distributed electrons and two-temperature trapped ions. It was found that both compressive and rarefactive solitary waves as well as compressive and rarefactive double layers exist. Brindaban Das and Prasanta Chatterjee [11] studied large amplitude double layers in dusty plasma with non-thermal electrons and two temperature isothermal ions. Xie et al. [12] investigated the small-and large-amplitude dust-acoustic solitary waves (DASWs) in dusty plasmas with variable dust charge and two-temperature ions. It was noticed that both compressive and rarefactive solitary waves as well as double layers exist. They also examined a necessary condition that must be satisfied to validate the two-temperature ions assumption. This condition is that the energy exchange rate E R between the two types of ions must be much smaller than the characteristic frequency of the system ω pd , i.e., E R /ω pd 1, where
, n d0 is the unperturbed dust density, Z d is the dust charge number, and m d is the dust mass. The two types of ions are assumed to have the same mass m i and charge number Z i = 1, but one acquires lower temperature T il and the other higher temperature T ih . On the other hand, these tem-
ith , where v ith = T ih /m i and Γ = (4πn il0 e 4 lnΛ)/m 2 i , with a Coulomb logarithm lnΛ ∼10-15 and n il0 is the unperturbed low-temperature ion number density [12, 13] .
Inhomogeneity is the general features of dusty plasmas and exists in both laboratory and space. Recent experiments on observations of dust density perturbation in a DC glow discharge in neon revealed that the phase velocity of the density perturbation varies considerably along the plasma column [14] . Moreover, numerical analysis of these experimental data has indicated that most plasma equilibrium parameters exhibit strong variations that are especially pronounced along the discharge tube. In real situations, the inhomogeneity in plasmas can occur either from the equilibrium * supported by National Natural Science Foundation of China (No. 10975114), the Science-Technology Foundation of Gansu Province of China (No. 1014RJZA017) and the Prominent Youth Foundation of LUT, China (No. 0910ZXC082) dust density gradient or from equilibrium plasma density gradient. The former is of the slow dust relaxation time scale and the latter is of relatively quicker ion relaxation time scale. However, both of them can significantly affect the dynamics of the DA waves.
It is well known that any analytical study of dusty plasma is limited by the complexity of the problem. Therefore, the plasma system cannot be described in its totality. On the other hand, the most recent treatments of the DAWs were limited to a simple homogeneous dusty plasma model with two-ion temperature, though inhomogeneity invariably occurs both in space and in the laboratory. It is thus necessary to investigate plasma waves in inhomogeneous dusty plasmas, with two-ion temperature taken into account. In this paper, we investigated the effects of two-ion temperature and inhomogeneity on nonlinear acoustic solitary waves in unmagnetized dusty plasmas. It is discussed in great detail how the inhomogeneity, the two-ion temperature modify the features of the dust acoustic solitary structures.
Governing equations
We consider four-component dusty plasma system, which consists of extremely massive, micron-sized, negatively charged dust fluid, two temperature Boltzmann distributed ions, and Boltzmann distributed electrons. This system has gradients in the number densities along the x direction. In the steady state, the charge neutrality reads:
where n d0 (x), n il0 (x)(n ih0 (x)), and n e0 (x) are the unperturbed dust, low (high) temperature ion and electron number densities, respectively. The dust acoustic wave dynamics are governed by a set of fluid equation, including continuity, momentum, and Poisson's equations
Here n d , n e , n il (n ih ) are, respectively, the dust grain number density, the electron number density, low (high) temperature ion number density normalized by n d0 (0); u d , is the dust fluid velocity normalized to the dust acoustic speed
T il , T ih are the thermal energies for electrons, low temperature ions, high temperature ions; m d being the mass of negatively charged dust particle; φ is the electrostatic potential normalized to T eff /e with e being the magnitude of the electron charge; the time and space variables are normalized by the dust plasma period ω
(0)e 2 and the Debye length
Electrons and ions are assumed to be distributed with Maxwell-Boltzmann distribution functions. So related dimensionless number densities for electrons (n e ), low temperature ions (n il ) and high temperature ions (n ih ) are
where
3 Derivation of the nonlinear wave equation
In order to investigate the propagation of nonlinear dust acoustic waves in nonuniform dust plasmas, we employ the standard reductive perturbation technique [15] to obtain the wave governing equation. The independent variables are stretched as
where is a small parameter measuring the strength of non-linearity, V 0 (x) is the velocity of the moving frame to be determined later. The dependent variables are expanded as
is unperturbed dust density varying with the space position).
Substituting Eqs. (2)- (5) into Eq. (1) and collecting the terms in different powers of , to lowest order in , we obtain the following relations
where B = sβ 1 n e0 (x) + sn il0 (x) + sβ 2 n ih0 (x). For the next higher order, we obtain
. Now, using Eq. (6) and eliminating n 2 , u 2 and φ 2 , one obtains
where 
where A = Aφ
It is noticed that the nonlinear coefficients depend functionally on the space of the plasma, but for sake of simplicity in mathematical development, the variation is assumed to be negligibly small as compared to the characteristic scale length or the parameters could be locally constant. It means that Eq. (9) admits the hallmark solution [16] . In order to obtain a steady-state travelling-wave solution of Eq. (9), we transform the variable ξ to η = ξ − U 0 X and impose the appropriate boundary conditions, namely,
2 φ 1 /dη 2 → 0, at η → ±∞ in order to obtain the steady-state solution of this KdV equation. Thus, we can express the steady-state solution φ 1 = φ of this KdV equation as [17] 
where the amplitude φ m and the width δ are given by
where U 0 is constant velocity normalized to the dust acoustic speed (C d ). It is clear that, both the amplitude and width of the solitary waves are affected by the parameters β 1 , β 2 , X/L, δ 1 , and δ 2 . The variation of the amplitude and width with these parameters is nonlinear. If the inhomogeneity is not considered, the amplitude φ m and the width δ are
It can be seen from Eqs. (11) and (12) that the difference of the amplitude between inhomogeneity and homogeneity can not be seen from analytical expression directly because the expression is complex, but the width decreases when inhomogeneity is considered. It is well known that Sagdeev [18] investigated the fully nonlinear ion-acoustic waves in an unmagnetized plasma system, which consists of cold and hot ions as well as isothermal electrons. In his original work [18] , the basic set of governing equations was reduced to the form of an energy integral of a classical particle in a potential well. The quasipotential (which is also called the Sagdeev potential) can be analyzed, in many cases, to predict the existence of localized solution [19] . Using the travelling-wave transformation equation η = ξ − U 0 X, and integrating, by using vanishing boundary conditions at infinity, we obtain
where V (φ) is the Sagdeev potential, which has the following explicit form
It is clear that V (φ) = 0 and dV /dφ = 0 at φ = 0. A stable solitonic solution must satisfy the following conditions [20, 21] 
(II) There must exist a nonzero crossing point φ = φ 0 that V (φ = φ 0 ) = 0.
(III) There must exist a φ between φ = 0 and φ = φ 0 to make V (φ) < 0.
Using Eqs. (14) and (15), it is found that the soliton exists under the following condition: D > 0.
Numerical results and discussion
Nonlinear dust ion acoustic solitary waves in an unmagnetized, weakly inhomogeneous, collisionless dusty plasmas have been investigated. An exponential decreasing profile is assumed for the equilibrium ion density n il0 (X) = n ih0 (X) = exp(−X/L), where L is the density scale length. For the given ion density distribution, the electron density is calculated from the equations of the quasineutrality.
It is shown that, when A > 0, solitary waves with positive potential are compressive, that is, solitary waves with density hump referred to as positive (density) solitons; when A < 0, there exist solitary waves with negative potential or rarefactive, that is, solitary waves with a density dip, referred to as dust acoustic (density) holes. Fig. 1 indicates the two regions of A > 0 and A < 0 for different β 1 in (n d0 , X/L) plane. It is shown in Fig. 1 that for a fixed 
the dust acoustic solitary waves are with positive potential. When X/L < (X/L) c , however, the dust acoustic solitary waves are with negative potential. It can also seen that the region of the compressive solitary waves decreases when the values of β 1 increase. Moreover, the inhomogeneity broadens the scope of the rarefactive solitary waves, but reduces the the scope of the compressive solitary waves. It is obvious from the coefficients of D, A and A that the amplitude and the width of the dust acoustic solitary waves is a nonlinear function of β 1 , β 2 , δ 1 , δ 2 , n d0 and X/L. Figs. 4-8 show the variation of the amplitude and the width of compressive (rarefactive) waves with parameters β 1 , β 2 , δ 1 , δ 2 , n d0 and X/L. It is clear that for the compressive dust acoustic solitary waves, the amplitude increases with δ 2 , but decreases with β 1 , δ 1 , β 2 , n d0 and X/L, and when X/L is a bit smaller, the amplitude decreases with β 2 insignificantly, but when X/L is a bit larger, it increases with β 2 . In other words, the amplitude of compressive waves increases by increasing the density of high temperature ions, but the temperature of high (low) temperature ions characterizing the thermal velocity, the density of unperturbed dust and low temperature ions reduce the amplitude of compressive waves due to the increasing of dissipation. Conversely, these parameters have different effects on the rarefactive dust acoustic solitary waves. For the rarefactive dust acoustic solitary waves, the amplitude increases with δ 2 and δ 1 , β 1 , δ 2 and X/L. When X/L is a bit smaller, the amplitude decreases with n d0 , but when X/L is a bit larger, it increases with n d0 . Figs. 4-8 also indicate that the width of both compressive solitary waves and rarefactive solitary waves increases with δ 2 , but decreases with β 1 , β 2 , δ 1 , n d0 . So, the amplitude of compressive waves decreases but the amplitude of rarefactive waves increases when the inhomogeneity is considered. Furthermore, the width of solitary waves decreases when the inhomogeneity is considered, which is in accordance with the results of analytical analysis. 
Conclusion
In summary, a modified KdV equation describing the dust acoustic solitary waves in nonuniform dusty plasmas with two-ion temperature is derived by the standard reductive perturbation method. The typical integral form of the Sagdeev potential is examined numerically. The combined effects of some parameters such as inhomogeneity, the two temperature ions on the evolution of the dust acoustic solitary waves are analyzed in this paper in great detail. It is shown that the properties of solitary structures are significantly influenced by the inhomogeneity and two temperature ions. Through the present study, one can get a more profound understanding of the properties of dust acoustic solitary waves in nonuniform dusty plasmas. Furthermore, we expect that the present investigation would be useful for future experiments on dust acoustic solitary waves. 
